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EFT in a nutshell

Nature has many scales.

Science progresses as we can treat one scale at a time.
Coarse-graining over short-distance (high-energy) scales leads
to an effective field theory (EFT) at long distances (low

energies).

Even if we do not know the detail of the full theory, we can
parameterize our ignorance in an EFT.
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Some typical EFTs:
@ Why is the sky blue?

Rayleigh scattering cross section o Eﬁ‘/ = blue light dominant

@ Fermi’s theory of the weak interactions
@ Chiral Lagrangian in QCD

L= ;tr [(a#zf)(a#:)] T

@ Techincolor and composite Higgs theories
@ Dimension 5 operator giving neutrino masses

;
£ ~(LH)(LH)
@ Dimension 6 operator leading to proton decay

1
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Chiral symmetry in QCD

Consider the QCD Lagrangian, keeping only the three lightest
quarks, u, d and s:

3
L= (qibg — mgq;) — 4(35;/6&“”
i—1

where D, = 0, — igT?A% is the covariant derivative, T% = \?/2
is SU(3) generators in the 3 representation.

Note that the kinetic term can be written as

3 3
> qibai = (quiDavi + GrilDqr;)
p

i=1

which respects a U(3), x U(3)r symmetry.
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One combination of these transformations, the U(1)a
transformation where g; — €'“%q; is in fact not a symmetry of
the quantum theory, due to anomalies.

This leaves us with a U(1)y x SU(3),. x SU(3)r symmetry.

The U(1)y is just baryon number, under which both left- and
right-handed quarks of all flavors pick up a common phase.

The remaining SU(3), x SU(3)r symmetry is called chiral
symmetry.



However, SU(3), x SU(3)g is not an exact symmetry of QCD.

The mass term couples left- and right-handed quarks, so it is
not invariant under the chiral symmetry.

Z m;qiq; = Z qriM;qL; + h.c.
i i

my
M= my
Mms



If the mass matrix M were a dynamical field, transforming
under SU(3), x SU(3)R as

M — RML'

then the Lagrangian would be chirally invariant.
Chiral symmetry may be spontaneously broken due to a field M.

This is called treating M as a spurion.



The chiral symmetry is broken to the extent that M # RML'.

Since m, and my are much smaller than ms, SU(2), x SU(2)g
is not broken as badly as SU(3),; x SU(3)g.

If all three quark masses were equal but nonzero, then QCD
would respect an SU(3)y, C SU(3), x SU(3)z symmetry,
where one sets L = R.

This is the SU(3) symmetry of Gell-Mann.

Since mg — my is small, SU(2)y c SU(3)y, where L = R

and they act nontrivially only on the v and d quarks, is quite a

good symmetry.

It is known as isospin symmetry.



Independent vectorlike phase rotations of the three flavors of
quarks '
qi — €%qi

are exact symmetries.
These three U(1) symmetries are linear combinations of the

baryon number B, the 3rd component of the isospin symmetry
I3, and the hypercharge Y.

The latter two are violated by the weak interaction, but not by
the strong or electromagnetic forces.
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This is not the whole story.
The QCD vacuum spontaneously breaks the chiral

SU(3), x SU(3)z symmetry down to Gell-Mann’s SU(3)y via
the quark condensate:

(0|gR;qLi|0) = A36;

which transforms as a (3, 3) under SU(3), x SU(3)g.

Here A has a dimension of mass.
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If one redefines the quark fields by a chiral transformation, then
the Kronecker d-function above gets replaced by a general

SU(3) matrix ¥ = LAH,

(0|gR;qLil0) —

Lim Rj,j
Lim R;j
N3(LR');

AT

If L = R (a Gell-Mann’s SU(3)y transformation), then ¥; = o;
which shows that the condensate leaves unbroken the SU(3)y

symmetry.

For L # R, ¥ represents a different vacuum from 4.

If it wasn't for the explicit breaking of SU(3); x SU(3)g by
quark masses in the QCD Lagrangian, these two different

vacua would be degenerate.
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By Goldstone’s theorem, there would be eight exact Goldstone
bosons — one for each of the eight broken generators.

We parameterize these Goldstone boson excitations by
replacing

Y - X(x)=exp {Zfivr(x)}
m(x) = T?r?(x)

where T2 are the SU(3) generators (a=1,...,8) in the
defining representation normalized to tr( T2T?) = (1/2)52.

f is a parameter with dimension of mass which we will relate to
the pion decay constant £, and 74(x) are eight mesons
transforming as an octet under SU(3)y.

The interaction of these mesons are represented by the chiral
Lagrangian.
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The transformation of X(x) under SU(3), x SU(3)R is given by
¥ (x) = L (x)R!

The chiral Lagrangian is required to be invariant under this
transformation.

Note that SU(3),; x SU(3)g is not exact.

It is broken by nonzero quark masses and by the electric
charges of the quarks.

We will have to incorporate those effects.
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Quantum numbers of the meson octet

It is useful to use the basis for SU(3) generators T2 = (1/2)\8,
where \? are Gell-Mann matrices:

A = (“" 0) (i=1,2,3)
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For N = 2, the pion matrix is

3 .
0= 0a0® = ¢ (1 1>+¢2<, ")+¢>3<1 _1)
a=1

_ ( ®3 1 — i¢2> _ < 70 \/éﬂJr)
- \p1+ige -3 ) \V2rm a0
where we have defined

0

3

¢3
1

7T+E

\TZ(% — ig2)

& 1 =@ = \1@(@ + i2)
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Why does 7 = = (<;51 i) have the electric charge +17
Method 1: By comparing

) _ ((Tgu) (dmuy)
®jj < (QRiqL)) = <<ngt> <5’Zd§>>
70 vert

we get 7+ ~ (du). Then, from the electric charges of the
quarks
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Method 2: The generator of the electric charge is

B B
Q=T +Y, Y:T3/:z+§ & Q:T3L+T3R+§

Under U(1)em, the left- and right-handed quarks transform as
g — & P20, gr— &Tr2)0gg

Thus, ¢ ~ (q.qR) transforms as

that is, the upper-right element of ¢ has electric charge of +1.
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For N = 3, the meson matrix is

8

b= ¢ar?=
a=1

where we have defined
¢3, n= ¢

rt = 7@51 i$2)

K" = 7(@54 — igs)

K® = (¢6 —i¢7)

S

¢3 + \[

1+ 2

b4+ igs
0

m + %
Ne
V2K~

—¢3 + f ¢e — Id7
¢6 + ip7 —%fbs
Vert \@KJF)

1 — f¢2 ¢4f¢5)

_0 4 0
T —&: 3/5 \@ZK
\/EK - %77

= a1 =(r")= 7(% +id2)
= K =K'= 7(¢4 + igs)
= K'=(K%'= 7(% +ig7)
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Why do 7% n, 71, KT, K have the assigned electric charges?

The transformation of

8 70 + % Vert V2Kt
a=1 V2K~ V2K —%77

under U(1)em is
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The meson matrix can be written in the two conventions as
LA
"0 =3 vag =900 & 2700 =609
As a result,
Y(x)=exp [zfiw(x)] =exp [}b(x)]

Under an SU(3)y transformation L= R =V,

o vevh '
= exp [2/ Vr(x) VT] = exp {'I‘ Vo(x) VT]

= w(x) = Va(x)VT or ¢(x) = Vo(x)VI
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It is easy to check that

tr [w"‘(x)} = 4t [6?(x)] = Z Sadplr ( s Ab)
= Z¢a¢b§5ab = D) Z¢§
a,b a

_ %(71_0)2 + %772 —|-7T+7T_ + K+K— + KORO
which is a manifestly SU(3)y invariant operator.

Proof for the last equality is simple: 79 =¢3, n=ds,

1
(61 —ide) = 7 =5(dF +0f)

7[' ET
1
K+ 57(@—@5) = KYK™ = 5(¢f + ¢8)
o 1
KET(¢6_I¢7) = KOKO:§(¢§+¢§)
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Proof for
tr [wz(x)} = %(70)2 + %772 +atrT + KTK™ 4+ KK
by Mathematica:

Pio + EF"’; V2 piplus 4/2 Kplus
1
in[1):= pifield = — 4/ 2 piminus -piO + 2ta V2 Kzero |;
2 V3
V2 Kminus /2 Kzerobar -22t2
V3
nf2)= Tr[pifield.pifield] // Simplify

1 . . e .
out[2]= — eta® + 2 Kminus Kplus + 2 Kzero Kzerobar + p102 + 2 piminus piplus
2
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Two basic principles of chiral Lagrangian

To write down the chiral Lagrangian, we are guided by two
basic principles of effective field theory:

& 1. The chiral Lagrangian must be invariant under the chiral
symmetry
Yy —» LYR!

We can incorporate symmetry breaking effects by including the
quark mass matrix M, requiring that the chiral Lagrangian be
invariant under the chiral symmetry if M were to transform as

M — RML'
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&2. The other principle is that the chiral Lagrangian be an
expansion of local operators suppressed by powers of
momenta or meson masses divided by a cutoff A.

The cutoff is set by the scale of physics we are ignoring, such
as the p, K*,w and ' mesons (with masses m, = 770 MeV,
mg- = 892 MeV, m,, = 782 MeV and m,, = 958 MeV).

In practice, the cutoff seems to be at A ~ 1 GeV in many
processes. This cutoff is to be compared with

m_+ = 140 MeV,
my+ = 494 MeV,
m, = 548 MeV

For purely mesonic processes, meson masses always appear
squared, which helps.
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The chiral perturbation works far better for pions than kaons or
the 7.

This is a reflection of the fact that SU(2), x SU(2)g is a much
better symmetry of QCD than SU(3), x SU(3)g.
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The leading term

The lowest dimension chirally symmetric operator is

2
Lo= fztr [CRRICES)
= tr[(9m) (0" )] + ;fztr([auﬂ, 7|[otr, 7)) + O (;3)

The 2 /4 prefactor is fixed by requiring that the mesons have
canonically normalized kinetic terms:

tr [(0,m)(0"7)] = %((%0)2 + %(877)2 +(or ) (9m7)
+ (0KT)(OK™) + (0K®)(0K?)
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2
Proof for f—tr [(0,£7)(0"E)] Ltr([@,ﬂr, w|[0" 7, 7))

4 312
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= [(azf)(aZ)] = tr{ [2’,"(077) - f%(aﬁ) - ;g(aws) 4 }

y {—2"(%) ~ 2 0m) + 2 on% .. ] }

7 7 3P
- f—ztr [(97)(om)] + %tr [(02)(02)]
2% 3?4& [(0m)(07%)

S [(0r2)(07)] = ,fitr{[w(aw) + (9m)m][m(0r) + (8w>w]}

_ ﬁ{t [ (0m)(9m)] + tr | x2(0)’] }

—%tr {(aﬂ)(aﬂS)} = —;fitr{(&r) [(8%)712 + 7(Om)m + 7r2(87r)] }

— —;2{2& {(37r)27r2} + tr[(Om)7(Om) 7] }
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= tr[(azT)(az}a tr[

= —tr az* az

On the other hand,

—ﬁtr[ (om)( }

o)
3o

e
3 w}

= gpe{ w1OmIe(or)e) - (orr?] |
;ﬂ{u[ 7(9m)n] — tr aw)%ﬂ}

3f2 ot ([Oym, w][0Fm, 7)) = 311‘2 {[(87[‘)71‘ — m(om)][(Om)m — 7r(87r)]}

332 {tr [(0r)m(9m)7] — tr [(aw)%r?] } J
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Pion decay constant

From the above Lagrangian, it would seem that the only way to
determine f is by looking at =7 scattering.

However there is a better way: by looking at the charged pion
decay m — pui,.

This occurs through the “semi-leptonic” weak interaction

G _ _
LD 22 Vgt (1 = 4s)d][av.(1 — 75)w] + hec.

V2

The matrix element of this operator sandwiched between |.7,,)
and (x| factorizes, and the leptonic part is perturbative.
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We are left with the nonperturbative part
(0]Ty*(1 = s)d|n ™ (p)) = iV2£p*

The pion decay constant £ is determined from the charged
pion lifetime to be

f =92.4 £ 0.25 MeV

Even if QCD is nonperturbative, we can easily match this
charged current operator onto an operator in the chiral
Lagrangian. This is because

- 11— : y - : .
it (1500 ) d =i i e o e =200 4 i)
where j* are the eight SU(3), currents

e (1) T
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Proof for  oy* <1 _275) d :jZ“ + ijf“ .

- mem- (b))

= P =g (Th + iTe)qL = Uyidy
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Using Noether’s theorem, we can compute the left-handed
currents from the effective Lagrangian Ly :
2

_f t _ st
Lo = Ztr [(9ZN)(0T)] = Z(9T))(0)

0Ly f2 t 0Ly f2
= Noether’s current is
, 0Ly + 0Lg
(T 5 6T
00 xy) T o(9,x))
f2 p—t f
=7 —(orx! )5ZU+5ZU4(8 Xji)

2
:%n(mﬁwz+wﬁxwm
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Under SU(3), transformations,

Yo Ly =Ty ~ (14iT%3)Y = 0¥ =iT%%%
v sff = sTe T ~ w11 — T3 =  §xf = —ixiT?2

= Noether’s current for SU(3), is
2
Jit o f4tr [(aMzT )ox + (6%t )(aﬂz)}
2
- fztr [(8“ZT)iTaaaZ—iZT Taaa(aﬂzﬂ
fz- a yTa tTa
= i [(a/‘z )Tax — 5T (aﬂz)]
f2' a T tTa tTa
= it [—z'(amz Tay — ¥iT (6#2)}
f2
= 0% (=2)r [z*ra(auzﬂ

7_-Ea tTaron — pajap
= /29trZT(8Z) = 0%
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Thus, the eight Noether’s currents for SU(3), are
ajL fz tTa
' — ad — e
=iz {z T4(8 Z)] (a=1,---,8)
Proof for the relation 0#¥f = ST (o+¥)xl ;

Yy =1 = 0=0Z'Y)=(0*ThL + £(9"Y)
= oxl=-xf(or)xt
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2i 2i 1
Z:exp[fw(x)]:1+f7r()+(’)<f2 >
- vz oo 4e)

f
2i 2i 1
T — _e _q_ < 2
¥ exp[ fw(x)] 1 f7r()+(’)<f2 >
f2 _
= = —igt [T T0rT)]
T 2i 1 5 a2 " 15,
2 2 1,

= fu [T30"r)] + O (),10 2)
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That is, we get the Noether’s currents for SU(3), as
, 1
J = fuw[T30"n)] + O <f07rz> (a=1,---,8)
In particular,
iR = e [( T+ iTZ)(a#w)} +O <f107r2>

Let us figure out the trace:
tr [(T1 + iTZ)(auw)}

7TO+L \fgﬁJr \/§K+
0 1 1 /3
=tr|[0 O ot~ | ver —7r0+% V2KO
0 V2K~ V2K —%n
1
= —oHt7~

V2

38/96



Thus,

f 1
/L“—FUfu = ﬁauﬂ' + O <f0 2>

= I (1 = s)d = 201 + ) = V2rorn +0<f10 )

Comparing this equation with
(0]Ty*(1 = ~s)d|n (p)) = iV2fp*
we see that to this order,
f=1f =93 MeV

For semileptonic decays, the weak operator can be factorized
into a leptonic matrix element and a hadronic matrix element of
an SU(3), symmetry current.

In this case, we can match quark operators with operators in
the chiral Lagrangian.

39/96



We can also match quark operators with pion operators by
dimensional analysis:

z;,-o<<q,-a,-><(§) @ §)>(

Y = exp [zfiw(x)] =1+ 2—iw(x) +0 <1w2>

Comparing the above equations, we can match u(---)d to 7.

The other factors or derivatives will be fixed by Lorentz
invariance and dimensional analysis.
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Lorentz index: ~* — o*

On the other hand,

[u] = [d] =
[0"] = [7"]

Thus, by dimensional analysis we have

= [0v(1-18)d] =3
1 = [o¢r]=2

NS

uyH(1 —~s)d ~ fot'n—  with [f] =1

= Uy"(1 —95)d x 7~
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Shift symmetry of pions

Up to now, we have only discussed operators in the chiral
Lagrangian which are invariant.

These are derivative interaction operators.

Recall that without explicit chiral symmetry breaking, there
would be a shift symmetry of the pion fields.

The SU(3), symmetry ¥ — 7" corresponds to shift the
fields as

f
a a , ' pa 0
78— —|—29 +(9((1/f))
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[ — T v _ gZn(x) _ g¥Tor(x)

)

= ¥ Ly =Tt

Using Baker-Compbell-Hausdorff formula:
XY — &7
1 1 1

with X = iT202, Y = 2 Tbrb, we obtain

f 2 o
. a j
(o) 0 () -2 [t )

z—iTega 4 L rapa ] [iraea 2 wab] toe

f 2 f f 2
L, ((1/f)°9a)
2
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That is, derivative interactions are a result of the shift symmetry.

In the literature, this is called a nonlinearly realized symmetry,
i.e., a spontaneously broken symmetry.

A theory of massless particles with nontrivial interactions at
zero momentum transfer (such as QCD, in which gluons are
massless) would suffer severe infrared divergences.

So if the interactions had not been purely derivative, the theory
would either not make sense, or become nonperturbative like
QCD.

However, when explicit chiral symmetry breaking is included,
not all vacua are equivalent, the massless Goldstone bosons
become massive “pseudo-Goldstone bosons” (PGBs), and
acquire nonderivative interactions.
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Explicit symmetry breaking: quark masses

To describe the meson masses, we need to include the quark
mass matrix M = diag(my,, my, ms) in the chiral Lagrangian.

To be dimensionless, each power of M will be accompanied by
1/A.

The leading operator involving quark masses is given by

el (L
Ly =NFf [ztr <AMZ> +h.c.]
f2 f2
= 5 OA(MY +hc) = SoAuM(x + )]

where c is an unknown dimensionless coefficient. The red part
is dimension 4, while the blue part is dimensionless.
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Let us define A = cA = O(A), then this term becomes
f2 -
=Atr[M(Z + 1)

f2
Ly = zNe(ME +he.)= 5

2

Expanding £y, to second order in 7(x), we get

_ 0
Ly~ — 3r+7r+w*—m,2(+K+K*—m,2<oK°K°—% (7% ) M (7:7)

with
m2, = Nmy+ mg), ma. =Nmy+ms), M, =ANmg+ ms)

™
. [ my+ my Du—g
M02 = /\ rxu—md 1 \/g
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Derivation of the meson masses from Ly = % /\tr[M(Z + XN

WM+ M)= r[m(z+57))

L= £160ETED
=LA (m(z+sh)
<"‘v 3= e'?‘m) I+ 3T - Zv 4
N\: m‘{ : e 7':(7() 21
m, A i EIRE-T

= Z'}"Z‘f > ‘%Wl = 'W[N\(Z-fi*)]—'——%ﬂ(/\l\ﬁz)

g BT BK
o== oy ~7£°+f% ZK

EZK R

@), =5 [+ 207 +2KK ]
= (7Uz>zz = :{:[275"7[‘ + (—TL"-!-};)Z—{-Z k’E’J
-2
=1 (—Nz)B: —‘IT [2K+K- +20F + _-j}»_qz]
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> L= £A{me130) =- B ()

1 \
-— % -tY(MNZ) My (7‘7.)” an mJ (-ﬂ;z>zz_ + mS (7(;2);3

==L {nlwegyearr £ac)

20 + C1t ) + 2K
+m (KK + 2KF + ]

= = Kowtm) 5~ Klngtm) KK = A (mgm,) K
\( 1l

!
2 8 2
My Mg Mo W
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dw 2 "“mw(W"ﬂLJ—? ~*z’"4( 7”5?

(m+ﬂ;+§nq (vf+5—§m

f\’l >
\NHA

7 Goeficien of (WY, -4 3 (Myt+my)

’]2 : z(mu =3 +i"£
YVOy' : _7<%m“_%md>:_x (My—mp)

NEY
Metmy M)
= dn 2 -2, M (’]) with M§=K< ’ =

(M= g tm
3 > v
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Note that (i) the squares of the meson masses are proportional
to quark masses;

(i) 7%-n m|xmg is isospin breaking and proportional to

(my — mg);

(iii) expanding in powers of (m, — mg), m2 and m?, are given by
the diagonal entries of M2, up to correctlons of O (( — mg)?);

(iv) we cannot directly relate quark and meson masses
because of the unknown coefficient A.

Ignoring isospin breaking due to electromagnetism and the
difference my, # my, the meson masses obey the Gell-Mann
Okuba formula:

3mz + m2 = 4mi
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Derivation of the Gell-Mann Okuba formula:

M = A (my+my) , YV\T@:/\(mu'f'mQ, m;:?\/<m4+"‘s>

My = /A\/(mu-HY\,() 'R @ ((md’m@l) ,

mp = R DI 1 0 (- m,)

2
IT My =1y ‘bllen
~ 2 2 = s
m;"v» = ot = K2, ) 3my + 0t /\[(zmu-f‘}m)
2 2! o +lmu]
Mg = Mg = A (my+m,) = 4K (my+m)
mz = 2my+4m;

3 =4me v
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Explicit symmetry breaking: electromagnetism

To include electromagnetism into the chiral Lagrangian, we first
go back to QCD and ask what currents out of jf“ and j;“ couple
to the photon.

This is easy: the electromagnetic current coupling to the photon
is given by

Jem = €91y QLaL + eqrY" QrQR

. . 2 1 1
with QL = QF,I = d1ag (3, — 57 — 3)
I =9veQy ik Q=<5 " >

=P QR 4R ’

- eil.\‘{}‘QL %L 5 e?RY,AQK ZR , QL‘:QR:@\
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* for any ]‘feﬂ F0 Cnvvyimg me@e ) 'HnJE’Y some ﬂaca,g ua Spancly

vk UCD Wwﬂﬁmﬁffm amo( coVayyant JEY'L'Vn“h'Ve aye
%(X) el ei?d(x)?g(x)
Br=(n-i1A04
TAe ﬂomﬂ U %ﬂmmeff] Yezuqres

A — 1 1 -39
PV T Gy 1
/!

RSk MU e ek

-39 Aol
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A I ae x> ' P x
[ 2=z w0y e sue,

Hhen ]3“2 = (9/,'—%&@ Af,)Z

*x I i Qg 60 :
:]‘ 2 =55 g e ewe@wooé Uy, < SL(@K,

b B2 = 82 +ieA W2 G

___h_______j_Z (5 ¥ +ieQA,)

'* I eQ‘_dx
f 2. —> ¢ ()Z - ieQuottn will UDey < SU(B)V

then _ .
hZ =33 -ieA(qz-50)
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The U(1)em gauge symmetry determines the covariant
derivative of X to be

D,Y = 8,5 — ieA,(Q.E — £QR)

since ¥ — LY R" under SU(3), x SU(3)g, and
U(1)em C SU3)y C SU(3), x SU(3)g.

When we set the X field to its VEV, X = 1, the photon term
drops out of the covariant derivative, which is to say that the
vacuum does not break the U(1)em Symmetry.

Q. R in general do not commute with L and R, so terms
involving D, ¥, for example tr[(D,ZT)(D*X)], explicitly break the
SU(3), x SU(3)g chiral symmetry.
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However, we can promote Q; g to be spurions: we define their
chiral transformations as

QL — LQLLT, QR — RQRRT
such that

D,x — L(D,X)R'

If we want to compute the electromagnetic contribution to the
7+—n0 mass splitting to order o, we naturally look at the two
1-loop diagrams we encounter in scalar QED.
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These two 1-loop diagrams are apparently quadratically
divergent, which means they need a counterterm which would
contribute to the pion mass squared.

@ This counterterm should be hermitian, so it will contain the
trace of ¥ and 1.

@ This counterterm should be proportional to €2, and thus it
will be proportional to (eQ;)?, (eQr)? or eQ, eQpg.

@ This counterterm should be chirally symmetric when we
regard Q. g as spurions:

QL — LQLLT, QR — FI’QRRT
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The only possible counterterm satisfying these three
requirements is of the form

Lo, = 42 (QLZQRZT)

where the coefficient ¢ = O(1) needs to be fit to data or
computed using lattice QCD.

* hermitin =>4, e t[coZ 037

Y ‘id - ez QL Q{
s - LSf . +

* Cl\n‘mﬁ ﬁmmfbﬁ :{ st rstt = 1 'tYé’E J’Z )
R LRl 6> RQR' 4
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If we use the MS scheme in Landau gauge, then the 1-loop
diagrams vanish in the low energy limit, and we are left only
with the direct contribution from the counterterm.

Expanding it to second order in meson fields we get
Lo = —57’492*3(@[7T [7, Qrl])
= —2¢e f2(7r T+ KTK™)

This simple result says that the meson mass? gets shifted by a
constant amount proportional to its charged squared.
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> s=6F7

21
-_T?W()

Le=3f*ew(0202), z=¢
7§ ko~ Crhll-Hrsg: ol
e"BeA = B+[A, B + L [A[A, BT ++-
with A=Z1t0, B=Q we obn
ZQst = ¥ o F

= Ot F o, QI+ £[Zn, [27, 0]+
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Q@)= 4(0G) 3 jub a senchs et
Q@) =40, % [0, g 7) = 24 {Q (10 - 0,m)
=FM(TQ-TQ0)=0 (* 6-g-0)
Q@)= w (g £[%7, [2 &J])=- (o [n mm, &)
* Lsfenasas
\\(— FOw(Q.n,In, ) + O )
= =23 4 (Q,[w [z, QD +06
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Now fet vs shaw Hhe ]%Mow:'nJ Yelstions:
WL, 7, Q1D = 2W(@ w2 - gnQn) @
W(ET~Qmaw®) = £ (vt + KK ®
fef for 0.
G=0=0 = W@UIn,[r,e1])=4(qls,7,q1])
=wQrr, @1- %, Q1%)

= W[Qr(xa-am) - Q(rg-gmyn]
= (@7 -Quan - Qnom + 1)
=2w(@¥-Qn@n)
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W[—

= e
Fosf 4 ©. Qz( . )% sz(a% J
: f

TR BV 5K
2 —7|;0+% JE’KO
ZK To -
JEK —-Eq
@ = '2}-!‘[(75°+ %)Z—PZYF*?F' +2('K]
2y = e 5 =
(W=7 [aa's +C1tE) + 2KF)

(71;1);3 = 2‘;_‘ (2 K"’K' + 2K + fg_,]z)
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> WQT) =@, + 5@, + + 1),
= % 47'[(75% %—)‘ +21' + 2K )
t 10T+ (R ) + 2107
75K +20E +5T)
T (T Crt )+ T
3 3
jm'—ﬁg_ T 2] %“H—Eﬁ

TE AT+ GHPRE + G KR
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On the othey Aoml, We Jejg

$a+g) 2R $EK
S :
W=z | -3&n —;(—n"+%) -1 EK
"'L,,E 5 -l =10 2
BE - -3ER 35

= w(QnQm)= %[ ey i -t
ncel =]

Rk +3(n°+"j+ KR
: [Can —l]
KK'i‘ K"(( + = 37J

[CM(JS]
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Now Let 4 considey W) - t(Qren)

S T G g
K& GtmtdTz=z o
KE: GE+p-+%

= Y@T) -y = L (vt + KK o

Thte, = ~23€F e (q, [, [, Q,11)

S h(@T-rm) = ' + KK
= A= -BEf ey o
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Proof for

(@) - te(Qrgm) = = (v'1 + KK
by Mathematica:

pi0 + =2 42 piplus /2 Kplus
V3
1
ni}= pifield == | V2 piminus -pi0+ %: V2 Kzero |; Tr[pifield.pifield] // Simplify
2

/2 Eminus 4/2 Kzerobar —2;\15
3

1 . . .
ouil= 3 (eta® + 2 Kminus Kplus + 2 Kzero Kzerobar + pi0? + 2 piminus piplus)
2 1 1
In2)= Q = DiagonalMatrix[{- == —-}] H
3 3 3
Tr[Q.Q.pifield.pifield] - Tr[Q.pifield.Q.pifield] // Simplify

1 A .
ouf2l= — (Kminus Kplus + piminus piplus)
> p P.
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Thus, to leading order in « and the quark masses, the meson
masses are

(6
47
«

4

m2. = AN(my + my) + —A?

ma. = AN(my + mg) + —A?

where A2 = 2¢(4nf)? is a parameter whose value we cannot
predict.
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Ly =L Rem(z+37)]
D ~Almtm)T T - Almetm)KK
Lo = =23 (vt + KK
7 k3 Mg gef v
- [K(mﬂ+ms)+l§€]£ 1KK

_i \\M}
\\ ﬁ,%‘
:m®" J;CWJL)I N eF
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We can manipulate the formulas to make predictions for ratios
of combinations of meson masses so that the unknown
parameters A and A drop out:

f{o) - (m72r+ - m72ro) My —my

m?, - my+ my

™

(me, —m

2 2
3my —me,  4mg
m72ro my + My
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m;‘o o /’\((m‘{-'_muo ’ nt = 7'( mlim

'I 3
-3 -3
____;’ 3m5 : mnv ~ A]-ms \/
Mgs My +my

Mg = Ritm)+ 228 iy = A(mg+my)
= Me =M = R (me-mp)+ o &

Toaether with ni —miy = 2240 e b
(Mg — M) = (M —m2,) - K (My—mp) _ My
M A Gy Mt
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Plugging in the measured meson masses, these formulas can
determine the ratios of quark masses in QCD:

my 1 my 1

mg 2 mg 20
Lattice QCD calculation in the MS scheme gives
ms ~ 100 MeV
which implies

myg ~5MeV, my~25MeV
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Using Mathematica to Solve the equations:

2 2
(M = mie) = (nise =v2)  _ my—my ; Smy—mp _ 4m
2 - an =
My My +my Mz Myt My
In[1]:= (*Define the meson masses in unit of MeV from the webpage: https://

pdg.lbl.gov/2021/tables/rpp2021-sum-mesons.pdf =*)
MassPiPlus = 139.57039; MassPi0 = 134.9768; MassEta = 547.862;
MassKPlus = 493.677;
MassKO = 497.611;

ni2l= (= Solve the equation for the ratio x="3 x)

4

MassKPlus? - MassK0? - (M.assPi[’lus2 - MassPiOz) x-1
solx = Solve[ == y x]
MassPi0? x+1

ouizl= {{x - 0.558514}}

(@)= x=x/.solx[[1]]

out3)= 0.558514

In[4]= (* Solve the equation for the ratio y

3 MassEta? - MassPi0? 4
Sclve[ == . ]
MassPi0? X*Y +Y

outi4= {{y - 0.0530006}}
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Power counting

The chiral Lagrangian is an EFT of QCD.

It consists of all local operators consistent with the symmetries
of QCD, and there exists a power counting scheme that allows
one to work to a given order, and to be able to make a reliable
estimate of the errors arising from neglecting the subsequent
orders.

Beyond the leading term Lo = £t [(97)(9)], one can write
down an infinite number of chirally invariant operators which are
higher powers in derivatives, as well as operators with more
insertions of the quark mass matrix M.

The derivative expansion is in power of 9/A, where
A ~ O(1 GeV) is the “chiral symmetry breaking scale”.
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Since the meson octet masses scale as

m2 ~ AM

™

with quark mass M, and since for on-shell pions p? ~ m2, it
follows that one insertion of quark mass matrix is equivalent to
two derivatives in the power counting.

That is, the chiral Lagrangian is a function of 9/A and AM/A?.

This power counting is consistent with the leading operator
which can be written as

2o = A {grtlehen) |
y y

V("”'@nsiuy] ‘f‘ o(imens ;«m éesg

That is, the chiral Lagrangian has a prefactor of A%f? and
derivatives enter as 9/A even in the leading operator.
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Including electromagnetism is simply achieved by replacing the
derivative 9% by the covariant derivative

DX =0, —ieA,[Q, X]
Thus, the covariant derivative should come with a 1/Lambda

factor, and the photon field enters as eA, /A.

Operators arising from electromagnetic loops involve two
insertions of the quark charge matrix Q in a proper way, along
with a loop factor «/(4).

Therefore, the chiral Lagrangian takes the form

L=rf L[, hu/n, e, €]
v

J.‘mensionﬂess

where £ is a dimensionless sum of all local, chirally invariant
operators (treating M and Q as spurions).
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The coefficient of each term (except Ly) is preceded by a
dimensionless coefficient to be fit to experiments which we
expect to be O(1).

This assumption allows one to estimate the size of higher order
corrections.

/3'1_1

X
for exqm}ﬂe, we ossume 4. D@EY[(M*)@ Z>])

ve. 4o, (tr{(a,.zf)(arzy]) with |~ —TOU) = X Oy~
i~ ©
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Subleading order: O(p*) chiral Lagrangian

It is straightforward to write down the subleading operators of
the chiral Lagrangian.

The operators of O(p*), O(p?M) and O(M?) are given by

L= L(staHel) + L, W60 H[EEhHE)
L6500 + L QDS b (athe)

T L QNN the)) + L [t +he)
t LG -he) + Ly b (xs s +he))

where x = 2AM with A\ entered in Ly = A twr(ME + h.c.).

Additional operators involving F,,,, need to be considered when
including electromagnetism.
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Loop effects and naive dimension analysis

How big are radiative corrections in the chiral Lagrangian?

Let us rescale the terms in the action

S=[fe ip L[, b, T/ 24]
+

SMJ] 'ttl&f dimensionless
X=Ax
A _ MK
/b« - /‘z R
A _ A
A/‘ B _/\'& /"’{l‘m%imkrs

A

'b[\en ﬂlw adim  becomes S='/:\£:Jﬁ7? »‘2 [2, /D:u, M, %Qz] .
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From

i j f2 4o n i Ao A
exp <hS> = exp <h/\2/d x£> =exp [(h/\Z/fZ) /d xﬁ}

we see that 7 is multiplied by A2/f? in this theory.

Since we get a power of / with each loop, a one-loop diagram
in the chiral theory will be proportional to
/\2
(47 f)2

where we have included the standard 1/(16x2) factor from a
loop.
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This factor A2 /(4rf)? controls the size of quantum corrections
to operator coefficients in the theory.

If we expect perturbative control of the theory to break down
completely for momenta at the cutoff A, then we would expect

N~ 4rf

Estimating the size of operator coefficients in the chiral
Lagrangian by this relation is called “naive dimensional
analysis”.
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Calculation of the ratio (uu)/(ss) at one loop

As a simple example of a one-loop calculation, consider the
computation of the ratio of the quark condensates:
(0[au|0)

(0[3s[0)

The QCD Hamiltonian density is given by
H D qgMq = Z m;Q;q
i

so it follows from the Feynman-Hellman theorem that

0 0&

(01Giqi|0) = %<O‘H’O> = om;

where & is the vacuum energy density.
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We do not know what & is, but we do know its dependence on
the quark mass matrix.

From » >
Ly = SAG(ME +he) = D RufM(z + 1)

it follows that

2
& D —i/”\tr[/v/(z + X)) + O(M? In M)
2 =0y
= —PAu(M) + O(M? In M)
= —2A(my + mg + ms) + O(M? In M)

0&o

— _f25 :
om f°A (at leading order)

= (0[g;qi|0) =

= x=1 (atleading order)
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To get the subleading logarithmic corrections, we need to
compute the O(m?In m?) one-loop correction to the vacuum
energy.
The vacuum energy density from a real, noninteracting scalar is
£ 1/d4kEIn(k2+m2)
0= 2 (2r)* E
where we have rotated the momentum to the Euclidean space.

Taking d = 4 — 2e, this integral becomes

,u4_d ddkE
2 (2m)d

where the prefactor of 4~ was included to keep its mass
dimension to equal 4.
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Proof for & = Ve D 3 [ dzk)i In(kZ + m?) from a real, free
scalar degree of freedom:

A quﬁ, non'ln‘cemdirﬁ Scaﬂow cOn‘i:Y%.LuJﬁes e%fﬂx ¢ \/'fp a fadhy:
- (M - [
e%f ( Ve_f) 65 [Jd(al+mz)]@’ Feracm'@r

quﬂqv -Hu,

?"W B
> I D Lk
> v = 5 [J&(awmz)]‘f

= ""‘V [Jet(a +m‘):[
=~ 3 T (F+md)

= -3 [ [ Lo (- keem)
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v Vo -lf@w /n("k“rm‘)

Now moke the Wick yolatin: k° = ke
= {fﬁk =3[ ke
C= K-k =-k-R =~k
= Ve 2 Jﬁ(] (@“‘) if@f(kﬂf)
; % k: v

This is called the Coleman-Weinberg potential.
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Differentiating this integral with respect to the quark mass m;,
we obtain the 1-loop correction to the quark condensate
(0/31g]0)"oo):

(1-loop)
0&,
(1-loop) _
(013;9510)¢ om;
o 0 u d kE
= am > —2 ) = In(kE + m3)
a= 7TK’I7

Z /27rd8m,8 g I(kg -+ 1m2)
M2 ke
“Zom 2 | oKzt

S omz  m? m2
. In( la
7 za: om;, 32m2 "\ 22

I
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2 2
Proof for (0[gq[0}""*P) 5, Z e (ma>:

69,77/ 23:27T le
T qprenl, | e Uy _ 1 [t 4) A
@Y (F+ay ~ G (L) M Am-i
(m=1,0=0) J d
Il G, |
= T ER e ot L Ti-d)

s G (M)E

$)= —*rr(l‘ ) CDF(E)
—C—i>[1+e+0(e*>][—g—w+o(e>]
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J_ @
M= = ()™ =i Y =t [1- € fomi +60©)

l 2
7= (ﬁ) — i+ e htm+ 0]

/.‘4-—.1 _ }AZE - Eﬂn}-’l= ’+€pnj42 4 O(éz) | -

- % 5
H 1 l ; 'i’r) a;:r 2. [H‘éﬂn}" +0(€ )1 (ﬂ) )]

Efi+e c+0() [—- A+ O(eﬂ"k (- ebizoe)
=5 2 L Lyt bt - ﬂﬂ% +O(€>]

am;, 3f? "' € s
S Yemo rJ
— 3 2
MS M | z (| My
—'——?% IN: 317;‘"‘0\ pﬂ }"; IV
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The quark condensate is
(0|g;qi|0) = <o’aiqi‘o>(leading order) <0|aiql_’0>(1-|oop)

oms m2 m?
_f2 Mg
= f/\+z 3po2 (u2>

Z@mg . m; I (nﬁ)
om;  32n2f2\ u?

Thus, the quark condensate ratios are given by

— _f2N

(0[G;qi|0) 1 <3m§ 3”"5) 2 (m§> < 1 )
- =1- = — min|{ -2 )4+0 | —
(0[g;q;10) 327227\ Za: om;  om; ) @\ 2 f4
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Using the meson masses and ignoring 7% mixing and
electromagnetic contributions, we find

(0]uul|0)

*= (0[5s/0)

1
:1—397r+2gKo+g77+(’)<f4>

where
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Real and complex scalar degrees of freedom:
* ol subas @, 7, iy = Rl /\—"‘—“fim-‘f'-"i

(131«0\41-\3 7;".1 ""l"’!j N
* Cm?ﬂex saaes T 1, K, mﬁ A (m..+m,|) m x /\(MJ""ms)
Cisnoring dmﬂﬂy-du thhhtm) mk+ = /\ (mu+m5) B

% A
3

- iK
=R (1~ R . '“"“** ” lH)

= ‘f"-K e .
[, bz (3 m1ﬂ"7}' +2mk* [nFKi + 2Mp ﬂ,‘ %)J
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= Sy o, 1
ooty =\ (b 4 "’2““/"‘/5{»”"4

_4 2 ms 2
5™ O"ﬁ_z/mM}T ~2mg |, m“°>

= 1= _L_ z m;, 2 2 za
I smzfz (3"‘7; []n‘/;(x‘ il m1 -pn'/ij-g- '"lmko pnl/n]kz_)

:\_33w+37“}‘23k" v

~ohere _ ”‘
= m‘f "
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(0|Tu|0)

Th i = —
e ratio x (0|ss\0>

~ 1 —39r + 290 + g, With
1 o (M3
= —5-msIn| —~% :
ap 35272 msIn < 2 > is u dependent

We can take © = A = 1 GeV and assume the contributions from
the O(p*) Lagrangian are small compared to the chiral logs we
have included.

Plugging in numbers we find
g ~—0.028, gxo~—-0.13, g,~-0.13

= x~0.70

which is a 30% correction from the leading order result x = 1.
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In[1}= (*xDefine the meson masses in unit of MeV from the webpage: https://

MassPiPlus = 139.57039; MassPi0 = 134.9768; MassEta = 547.862; MassKPlus = 493.677;

1 2 MesonMass?
MassKO = 497.611; gp[f , 4 , MesonMass ] = ss Log[ ]
- - 32 72 £2 A?

MesonMass? Log %

Outf1]= A
32 £2 12

n2}= gp[92.4, 1000, MassPi0]

gp[92.4, 1000, MassPiPlus]
ouf2l= -0.027062 Ez”o
ou3l= -0.0284518

&

In4]= gp[92.4, 1000, MassKO]
Ouf4= -0.128184
)= gp[92.4, 1000, MassEta]
ous= ~0.133962 8, x:1_3gﬂ+ +2gKo +g,

ne)= x=1-3gp[92.4, 1000, MassPiPlus] +2gp[92.4, 1000, MassKO] +gp[92.4, 1000, MassEta]
Outfel= 0.695026

7= x2 =1-gp[92.4, 1000, MassPi0] -2gp[92.4, 1000, MassPiPlus] +2gp[92.4, 1000, MassKO0] +
gp[92.4, 1000, MassEta]

oufT= 0.693637 x:l_g;r" _2g;r* +2g1<° *t&,
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Summary and Outlook

& Chiral Lagrangian is a useful tool to describe the physics of
Goldstone or Pseudo-Goldstone bosons, for example QCD
pions.

& Chiral Lagrangian can be used to discuss some BSM
theories, such as Composite Higgs and Technicolor theories.

& Other applications include: BEC of pions in neutron stars;
dense superconducting quark matter, etc.

Main reference:
David B. Kaplan, Lecture on effective field theory (2016)
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